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A finite-element code based on the level-set method is developed for simulating
the motion of viscoelastic two-phase flow problems. This method is a generaliza-
tion of the finite-difference approach described in [1-4] for computing solutions to
two-phase problems of inviscid and viscous fluids. The Marchuk—Yanenko operator-
splitting technique is used to decouple the difficulties associated with the nonlinear
convection term, the incompressibility constraint, the viscoelastic term, and the in-
terface motion problem. The nonlinear convection problem is solved using a least-
squares conjugate gradient algorithm, and the Stokes-like problem is solved using a
conjugate gradient algorithm. The constitutive equation is solved using a scheme that
guarantees the positive definiteness of the configuration tensor, while the convection
term in the constitutive equation is discretized using a third-order upwinding scheme.
The code is verified by performing a convergence study to show that the results are
independent of the mesh and time-step sizes. Using our code we have studied the
deformation of drops in simple shear and pressure-driven flows and of bubbles in
gravity-driven flows over a wide range of dimensionless capillary (Ca) and Deborah
numbers (De). For a Newtonian bubble rising in a quiescent viscoelastic liquid we
find that there are limiting values of the parameters De and Ca, above which the
bubble assumes a characteristic shape with a cusp-like trailing edge. The front of the
bubble, however, remains round, as the local viscoelastic and viscous stresses act
to round the bubble. In a pressure-driven flow the drop is stretched so that its front,
which is closer to the channel center, remains round, and the trailing edge, which is
closer to the channel wall, becomes sharp. These numerical results are in agreement
with the experimental observations. @ 2001 Elsevier Science
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1. INTRODUCTION

A numerical method for simulating the motion of viscoelasitc two-phase flows is devel-
oped. The viscoelastic fluid is modeled via the Oldroyd-B model. This capability for direct
numerical simulation of the two-phase flow problems of viscoelastic liquids could be useful
in the modeling of many industrial processes.

For example, it is well known that immiscible polymer blends can be mixed by subjecting
to shear flows. This happens naturally under some processing operations (e.g., extrusion),
which improves the mechanical properties of the extruded products. One of the mechanisms
that is believed to enhance mixing is the breakup of drops into smaller droplets under shear
flows. The role of viscoelastic stresses in the breakup of drops, however, is not completely
understood. This is at least partly due to the complexity of flow field, which makes the task
of experimentally determining the distribution of viscoelastic stresses around the droplets
very difficult, if not impossible. For numerical simulations, on the other hand, this is not
a problem because the detailed velocity and stress distributions are known. The numerical
approach therefore could be extremely valuable in explaining the role of viscoelastic stresses
in the drop breakup as well as the physics of shear-induced mixing of polymer blends.

The problem of computing the motion of two-phase flows with interfaces is difficult
even for Newtonian fluids because the interface shape changes in response to fluid motion.
Across the interface the fluid properties change suddenly and an interfacial force acts along
the interface of the two fluids. When one or both phases are viscoelastic, the numerical
problem is even more complex, as one must also solve for the viscoelastic stresses.

There are several numerical approaches available for tracking the interface between two
immiscible Newtonian liquids (e.g., the surface-tracking method [5], the volume-of-fluid
method [6, 7], the mapping method [8], and the level-set method [1-4]). These methods
have been used extensively to simulate viscous and inviscid two-phase flows. Due to the
inherent complexity of viscoelastic flows, there are relatively fewer numerical schemes
(e.g., the moving-grid method and the mapping method; see, respectively [9] and [10-12],
and references therein). In this paper we use the level-set method to track the interface.

In the level-set method [1], the interface position is not explicitly tracked but is defined
to be the zero level set of a smooth function ¢, which is assumed to be the signed distance
from the interface. In our implementation, it is assumed to be negative inside the drop
surface and positive outside. Along the interface it is assumed to be zero. In order to track
the interface, the level-set function is advected according to the velocity field. One of the
attractive features of this approach is that it is relatively easy to implement in both two
and three dimensions. In fact, an algorithm developed for two dimensions can be easily
generalized to three dimensions. The level-set function can be represented using the same
finite-element basis functions that are used for the velocity field. Also, the method does not
require any special treatment when a front splits into two or when two fronts merge.

The finite-element scheme developed in this paper uses the Marchuk—Yanenko operator-
splitting technique to decouple the difficulties associated with the incompressibility con-
straint, the nonlinear convection term, the interface motion, and the viscoelastic term
[13—15]. The operator-splitting scheme gives rise to the following four subproblems: a
Stokes-like problem for velocity and pressure, a nonlinear convection—diffusion problem
for velocity, an advection problem for the configuration tensor, and an advection problem
for the interface. The first problem is solved by using a conjugate gradient (CG) method
[16] and the second problem is solved using a least-squares CG method [17]. The third
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problem is a hyperbolic partial differential equation for the configuration tensor. The two
key features of the numerical method used for solving this problem are a scheme that ensures
the positive definiteness of the configuration tensor and a third-order upwinding scheme for
discretizing the advection term in the constitutive equation [18]. These two features are im-
portant for obtaining a split scheme that is stable at relatively large Deborah (De) numbers.
The fourth problem is for the advection of the level-set function ¢, which is solved using
a third-order upwinding scheme [19]. The advected ¢ is then reinitialized to be a distance
function, which, as noted in [2], is essential for ensuring that the scheme accurately con-
serves mass. Also note that the linear systems in the Stokes-like and nonlinear problems are
symmetric and hence can be solved by using the CG algorithm. In our code, the product of
the global matrix and vectors, required in the CG algorithm, is computed directly without
assembling the global matrix of the linear system. This reduces the memory requirement
of the computer program.

We have used our code to investigate the dynamics of drop deformation in simple shear
flows for the cases where the drop is Newtonian and the fluid is viscoelastic, and vice versa.
In addition, we have investigated the deformation of a Newtonian drop in a viscoelastic
pressure-driven flow and that of a rising bubble in a quiescent viscoelastic liquid. The
drop (or bubble) is assumed to be immiscible with the bulk fluid. The code is verified by
comparing the time-dependent velocity and configuration (stress) distributions for a drop
subjected to a shear flow and for a rising bubble for three different mesh refinements, and
for two different values of the time step.

A drop subjected to simple shear flow of strength G deforms under the influence of
the flow-induced stresses on the surface, while the surface tension resists deformation. The
parameters affecting deformation are the drop radius a, the interfacial tension y, G, and
the viscosity ratio A = 71./n4, Where 71, is the continuous phase viscosity and 74 is the
viscosity of the fluid inside the drop. The parameters G, n., y, and a can be combined
to form a dimensionless group called the capillary number Ca= Gnra/y. The Reynolds
number Re = pGa?/n determines the importance of inertial effects. The drop deformation
when viscoelastic fluids are involved is relatively more complicated, as it is also a function
of the Deborah number. The Deborah number De = A.G is a dimensionless measure of the
viscoelastic stresses, where A, is the relaxation time of the fluid.

Numerical simulations are started by placing an initially circular drop of radius a in the
flow. The drop deforms with time and, as in experiments, may or may not reach a steady state
shape. Our calculations show that when there is a final steady state shape, it is a function of
Ca and De. Similarly, the shape of a bubble rising in a viscoelastic liquid depends on both
Ca and De.

For an elliptical drop, the deformation can be measured in terms of the deformation
parameter D,

_L——B
T L+B’

where L and B are, respectively, the major and minor axes of the ellipse. As we discuss
later, in viscoelastic simple shear flows, the drops do not deform to elliptical shapes, and
therefore strictly speaking, the measure D alone cannot completely quantify drop defor-
mation. Another measure that quantifies the deviation from the elliptical shape is needed.
But since our primary goal in this paper is to present the numerical method, we avoid this
additional complication.
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It is worth noting that experimental studies show that when the flow outside a drop or
bubble is not axisymmetric, the deformed drop is also not axisymmetric [20]. For example,
the deformed drop shape in simple shear flows is not axisymmetric. In fact, the deformed
drop shape is not even symmetrical. When one or both of the liquids involved are viscoelastic,
the drop asymmetry is greater, which, as discussed in Section 3, is due to the development
of viscoelastic stress boundary layers near the interface that are not symmetrically located
about the major axis of the deformed drop. Therefore, strictly speaking, for understanding
the deformation and breakup of drops in viscoelastic simple shear flows, simulations must
be performed in three dimensions.

Another problem we study is that of a bubble rising in a viscoelastic fluid. It was reported
in [20] that a bubble rising in a viscoelastic liquid develops a two-dimensional cusp-like
trailing edge when Ca is O(1), where Ca = Unra/y and U is the velocity of the rising
bubble. Specifically, the bubble appears to have a sharp cusp-like trailing edge in one view
and a broad trailing edge in the orthogonal view. For capillary numbers below the critical
value of O(1), the trailing edge of the bubble is round. The numerical simulations reported
in [10] for an axisymmetric bubble are in agreement with these experimental observations,
except that in experiments the cusp shape is two-dimensional. For our two-dimensional
simulations, the bubble assumes a cusp-like trailing edge when Ca and De numbers are
O(1), where De = AU /(2a) and 2a is the diameter of the undeformed bubble.

The outline of the paper is as follows. In the next section we state the governing equations
for the Oldroyd-B liquid, briefly describe the level-set approach, and present our finite-
element method for viscoelastic two-phase flow. In Section 3, we discuss the convergence
study that shows that the numerical results are independent of the mesh size as well as
the time step. We also discuss the results for the deformation of drops in simple shear and
pressure-driven flows of Newtonian and Oldroyd-B liquids, and for a bubble rising in an
Oldroyd-B liquid.

2. GOVERNING EQUATIONS AND THE LEVEL-SET METHOD

The viscoelastic fluid in our simulations is modeled using the Oldroyd-B model. Most
results presented in this paper are for two-dimensional flows. Let us denote the domain
containing the viscoelastic fluid and a drop (or a bubble) by €2, and the domain boundary
by I'. The upstream part of I' is denoted by I'". The governing equations for the two fluid
system are

V.-u=0, n

au c
p [E +u- Vu] =pg—Vp+4+V. (A_A) + V- 2nsD) + yxd(¢p)n, 2)
u=u, on I, 3)

with the evolution of the configuration tensor A given by

9A 1
— 4+u-VA=A -Vu+Vu’ -A—- (A=),
at Ar

)
A=A onI".
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Here u is the velocity, p is the pressure, 1, the solvent viscosity, p is the density, D is the
symmetric part of the velocity gradient tensor, ¢ is a measure of polymer concentration in
terms of the zero shear viscosity, n is the outer normal, y is the surface tension, « is the
surface curvature, ¢ is the distance from the interface, § is the delta function, and A, is
the relaxation time. The zero shear viscosity 5 = n, + n,, where n, = cr, is the polymer
contribution to viscosity. The fluid retardation time is equal to A;/(1 4 ¢). The surface-
tension force acts only along the interface where the level-set function ¢ is zero. Also note
that in the Newtonian region, since the relaxation time is zero, from (4) A=1I and the
viscoelastic stress term in (4) drops out because V - A is zero.
The level-set function ¢ is advected according to the local velocity; i.e.,
¢

S5, tu- Ve =0. )

Clearly, if ¢ satisfies the above equation and ¢ = 0 at ¢ = 0 along the interface, the zero
level set of ¢ marks the interface for all 7 > 0. When ¢ is advected according to (5) it will
not remain the distance function for the points away from the interface, and therefore it
must be reinitialized to be a distance function. But since only the zero level set is physically
relevant, as noted in {21], “we have a lot of freedom in extending the level set function
outside the interface.” Later in this section, we discuss a finite-element scheme that can be
used to reinitialize ¢ to be a distance function.

In the present method the governing equations are solved simultaneously everywhere
(i.e., both inside and outside the drops/bubbles in the domain). In this sense our approach is
different from the methods where the flow fields inside and outside the drop are decoupled
and solved separately [11, 12]. In a decoupled approach one must apply suitable boundary
conditions at the interface (i.e., impose the continuity of velocity and shear stress across
the interface), and the jump in the normal stress across the interface is set to be equal to
the surface-tension force. Since in our approach the governing equations are solved in a
coupled manner, the method is stable and allows us to take relatively large time steps. It is
worth noting that since we use an explicit scheme to advect the interface according to (5),
the CFL criterion is pertinent to our calculations and thus when the time step is too large
the numerical method fails.

2.1. Reinitialization of ¢

The level-set function ¢ is reinitialized to be a distance function after each time step by
solving to steady state the equation, obtained in [2],

¢
3¢ TV Vo =S, (6)

where ¢ is the distribution to be reinitialized and

V¢
= S(¢p) —.
w (¢°)IV¢I

Here S(¢y) is the sign function (i.e., S(¢o) = 1 if ¢g > 0 and S(¢g) = —1 if ¢g < 0). In
order to avoid discontinuities, in our code we use the smoothed sign function

o
S(%) = W,
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where £ is equal to one and half times the element size. Equation (6) is a first-order hyper-
bolic partial differential equation, which is solved using a positive-only upwinding scheme,
described in [16]. Clearly, the characteristics of (6) point in the direction of w. Therefore,
for the points outside the drop w points away from the drop and for the points inside the
drop it points inward. Thus, (6) can be solved by specifying the boundary condition ¢ = ¢y
at the two-fluid interface ¢ = 0.

2.2. Variation of Density, Viscosity, and Relaxation Time across the Interface

In our finite-element scheme the fluid viscosity is assumed to take a jump across the
interface; i.e.,

N4 ifop <0,
n=405mi+m) if¢=0, @)
n. 1f¢ > (.

Here 14 and . are the viscosities of the fluids inside and outside the drop, respectively. In
other words, the nodes that are inside the drop have the drop viscosity and those outside
have the fluid viscosity. The fluid density, on the other hand, is assumed to vary smoothly
across the interface

Pd if¢ < —/’l,
p=1< P it >h, 8
0.5(pa + pL) + 0.5(pa — p) sin(%2) otherwise,

where % is equal to one and half times the element size, and p4 and o, are the densities of
the fluids inside and outside the drop, respectively. This smoothing of the density is similar
to that in [2] and is needed for avoiding numerical instabilities for relatively large density
ratios pg/pr. The fluid relaxation time is assumed to jump across the interface

g if$ <0,
Ar =1 050+ Ax) if ¢ = 0, ©
. if ¢ > 0.

Here A4 and ) are the relaxation times of the fluids inside and outside the drop, respectively.
If the fluid inside (or outside) the drop is Newtonian, its relaxation time is set to zero. A
relaxation time of zero ensures that the fluid relaxes instantaneously and thus behaves
like a Newtonian fluid. This allows us to use the same equations for both Newtonian and
viscoelastic liquids.

The surface-tension force is smoothed and acts only on the elements for which ¢ is
smaller than #. This is done by approximating §(¢) in (2) with a mollified delta function
3,(¢) using the approach described in [2]:

+ -
(+costg/h) for |¢| <,
8h(¢)

otherwise.
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We use an unstructured mesh for which the element size near the drop is kept approxi-
mately constant. This is used to define 7 to be one and half times the average element size
near the drop, where the element size is equal to the side of a square whose area is two
times that of a triangle.

The error introduced by smoothing the surface-tension force is O(h) (see [22] for a
detailed discussion). Also note that Egs. (9) and (10) require that ¢ be maintained as a
distance function, which we do in our implementation by reinitializing ¢ after each time
step.

2.3. Weak Form
The weak form of the governing equations is obtained by multiplying Egs. (1), (2), (4),

and (5) by the test functions and integrating the second-order term by parts. Furthermore,
since the fluid is viscoelastic, we also need to solve the constitutive equation (4) along with
the momentum and continuity equations. In obtaining this weak form, the hydrodynamic
stresses acting at the interface are completely eliminated.
To state the weak form for the equation of motion we need the spaces
W, ={ueH(D?|u = up@®)onT},
Weo=1{vive H(Q)?andv=00nT},
Wa={AecH Q) |A=A()onT7},
Wao={Ae H(Q)? A = 0onT7}),
Wo={pecH (Q)|d=gp(t)onT"}, (10)
Weo={pcH'(Q|¢p=00nT"},

/qu:O},
Q

where I~ is the upstream part of T". It is easy to show that the following weak formulation
of the problem holds for the two-phase system:

LY(Q) = {q € LX)

Forae.t > 0,findu e W,,A eW,u,pe L%(Q), and ¢ € Wy, satisfying

d
/p(—g—g>-vdx—/pV-vdx+/2nsD[u]:D[V]dx—/v-V~(iA)dx
Q@ \dt 2 Q Q Ay

—/yk6(¢)n-vdx= 0 forallve W, ap
Q
/qV‘udx=0 forall g € L*(Q), (12)
Q
ul;—o = U, ing, (13)
dA T 1
E——%—u-VA—A-Vu—Vu -A+A—(A—I) -sdx =0 forallse Wy, (14)
Q r
Alizo=A, inQ, (15)
¢
§+U~V¢ gdx=0 forall g € Wy, (16)
Q

Pli—o =¢o inQ.



VISCOELASTIC TWO-PHASE FLOW SOLUTIONS 559

2.4. Finite-Element Approximation

In order to solve the above problem numerically, we discretize the domain using a finite-
element triangulation T}, for the velocity and configuration tensor, where 4 is the mesh
size, and a triangulation T, for the pressure. For approximating W, W,0,Wa, Wao, L2(R),
L3(Q), Wy, and W, the finite dimensional spaces are

Won = (uy € CO)2|vilr € P x Py forall T € Ty, u, =ury onT),
Won = {vi e CO(Q)?|vulr € Py x Pyforall T €Ty, v;, =0onT},
L; = {qn €C*(Q)lqnlr € Py forall T € Ty},

L}, = {qheLﬁ /qhdx=0},
Q

Was = {s, €C%Q)3Isulr € Pix Py x Py forall T € Ty, s, = AL on "7},
Waon = {81 € CUQ)?Isplr € PL x Py x Py forall T € Ty, s, =0on T},  (19)
Wy, =1{gn € H' (Qlgnlr € P forallT €Ty, gn = ¢" on 7},
Weon = {gn€ H' (Q)\gnlr € P1 forall T €Ty, go =0o0nT"}, (20)
Wern = (8n e H(Q)|gulr € P, forall T €Ty, g, = 0 on the interface}. 21

an

(18)

Using these finite dimensional spaces, it is straightforward to discretize Eqs. (11)-(16).
Notice that the discrete space W , assumes that ¢ is known on the upstream portion of the
boundary. This is not a problem even when ¢ () is not known on the upstream boundary in
advance because the imposed boundary value can be corrected during the reinitialization
step. We remind the reader that since only the zero level set of ¢ (¢) is physically relevant,
as noted in [21], “we have a lot of freedom in treating ¢ (¢) away from the interface.” In
our code, the value from the previous time step is used as the boundary value. Also note
that the reinitialization space Wy » assumes that ¢ remains zero along the interface, which
is done by imposing a Dirichlet boundary condition, ¢ = 0, along the interface during
reinitialization iterations.

2.5. Time Discretization Using the Marchuk-Yanenko Operator-Splitting Scheme

The initial value problem (11)—(16) is solved by using the Marchuk—Yanenko operator-
splitting scheme. This allows us to decouple its four primary difficulties: (i) the incompress-
ibility condition and the related unknown pressure pj; (it) the nonlinear convection term;
(iii) the interface problem and the related unknown level-set distribution ¢;; and (iv) the
equation for the configuration tensor, and the viscoelastic stress tensor, which appears in
the momentum equation.

The Marchuk-Yanenko operator-splitting scheme can be applied to an initial value prob-
lem of the form

a¢
o T A1(9) + Ax(@) + A3(P) + Aule) = [,
where the operators Aj, Az, A3, and A4 can be multiple-valued.

Let At be the time step, and «; and &y be two constants: 0 < «),a; < l,anda; + oy = 1.
We use the following version of the Marchuk—Yanenko operator-splitting scheme to simulate



560 PILLAPAKKAM AND SINGH

the motion of drops and bubbles in a viscoelastic fluid. Set

0 0 0
u = ugp, A =A0,h, and ¢ =¢O,h-

(22)

Forn=0,1,2,...,assuming u*, A", and ¢" are known, find the values for » 4 1 using

the following.
Step 1. Find u"t'/* € W, and p"+'/* € L}, by solving

“n+l/4 -
/p—-vdx—/p”+1/4V-de+a1/27]SD[u"+1/4] : D[v] dx
Q Q Q

At

=/V-V.<£A"> dx+/y/c8(¢)n-vdx forallv € Wy ;,
Q Q

T

/qV-u”““dx:O forallg € L2.
Q

Step 2. Find u"*?/* ¢ W, ;, by solving

a4 = grt/4
/ p———— -de+/ pu(u" . vurtHY) Ly dx
Q At Q

+ o / 2nD[u"**] : D[vldx =0 forall v e Wo.
Q

Step 3. Find A"*3/* € Wy, by solving

(23)

(24)

An+3/4 — A"
/ < oA AT A3/ gyt 274 (Vun+2/4)T . AN3/4
Q

At

1
+ )\—(A””/4 - I)) -sdx =0 foralls € Wag .
T

Step 4. Find ¢"t*% € W}, by solving

¢"+4/4 _¢n n+2/4 \v/ n+4/4 d — 0 f 11 W

——At—+u .Vo¢ gndx = orall g, € Wgo 1.
Q

Set un+l — l.ln+2/4, An+1 — An+3/4’ pn+1 — pn+1/4’ ¢n+1 — ¢n+4/4‘

Step 5. Reinitialize ¢"*!. Set % = ¢"*1. Forr = 0,1,2, ...,

Véi
V|

w = S(¢Vl+l)

Find ¢g™' € Wyr 4 by solving

At

r+1 _ r
/( L +w’.v¢1’<> ghdx=/5(¢"“)ghdx forall g, € Wer.s-
S JQ
Q

Go back to the above for loop.
Set ¢"*! = @™ and go back to the first step.

(25)

(26)

@7
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Remarks

1. The first step gives rise to a Stokes-like problem for the velocity and pressure distri-
butions which is solved by using a CG method {16].

2. The second step is a nonlinear problem for the velocity, which is solved by using a
least-squares CG algorithm [17].

3. The third step is a linearized hyperbolic problem for the configuration tensor or stress.
This problem is solved by using a third-order upwinded positive-only scheme [18]. The two
key features of this scheme are a positive-only scheme that guarantees that the configuration
tensor remains positive definite, and a third-order upwinding scheme for discretizing the
advection term in the constitutive equation. These two features are important for obtaining
a scheme that is stable at relatively large De numbers.

4. In this paper, we assume that o} = ap = 0.5.

5. The fourth step is a hyperbolic problem for the scalar level-set function ¢. This
problem is solved by using a upwinding scheme where the advection term is discretized
using a third-order scheme [18, 19, 23]. That is, u - V¢ at x° is estimated using the known
values of ¢ at the five points x~2, x™1, x%, x!, and x?, which lie on the line that is parallel
to u and passes through x°,

- Vo) = ue) Y %(Xj)
;

The points x~2 and x~! are upstream points, and x! and x? are downstream points. Here
distance & = |x~! — x%| and

_ Hi¢o,j($0 —& ta)

T = - - fori # 0,
Hi;g j (E = S J )
To=— Z Tis
i#0
where & = |x' — x°|/h. For a = 0 the above approximation is centered and fourth-order

accurate, and for o > 0 it is upwinded and third-order accurate. The degree of upwinding
is controlled by «; in our simulations, we use ¢ = 3 which was picked by trial and error.

6. After advecting ¢, we reinitialize ¢ to be a distance function near the interface by
performing two iterations of (27). It is important to note that the surface ¢ (+) = 0 does not
change during reinitialization. This is done by first determining the elements that contain
a ¢(¢) = 0 surface and then forming a list of the nodes that are on these elements. The
task of keeping a ¢(¢) = O surface fixed during the reinitialization step is equivalent to
keeping ¢ (¢) fixed for these nodes, which can be done by applying the Dirichlet boundary
condition. The space used in (27) for simulations is therefore a smaller subspace of space
Wyr.» defined in (21).

3. NUMERICAL RESULTS

We next discuss the numerical results obtained using the above algorithm for the defor-
mation/motion of drops and bubbles in Newtonian and Oldroyd-B liquids. The parameter
¢ in the Oldroyd-B model is assumed to be one (i.e., s = 1p). We also assume that all
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FIG. 1. Typical computational domains with sides W and H used in our simulations. In the first figure, the
drop is subjected to a pressure-driven flow and in the second to a simple shear flow. In both cases, the velocity
distribution is prescribed on the domain boundary.

dimensional quantities are in centimeter—gram—second units. Parameters such as surface
tension, applied shear rate, viscosity ratio, and density difference are varied to demonstrate
that the numerical method can be used to efficiently compute interface problems for a wide
range of these parameters.

We discuss results for the following three cases: deformation of drops under shear flows,
deformation of Newtonian drops in pressure-driven viscoelastic flows, and deformation of
Newtonian bubbles rising in quiescent Newtonian and viscoelastic liquids. For the case of
drops subjected to simple shear flows we consider cases where the drop is viscoelastic and
the fluid 1s Newtonian, and vice versa.

Simulations are performed in a rectangular-shaped domain with sides W and H, as shown
in Fig. 1. For simple shear flow studies, an initially circular drop is placed at the center of the
domain and subjected to a simple shear flow by moving the left and right walls of the domain
in opposite directions. The density ratio in these simulations is assumed to be one. In the
bubble-rise studies, an initially circular bubble placed near the bottom of the domain rises,
as it is lighter than the surrounding liquid. In pressure-driven flows, a circular drop is placed
near the left-hand bottom corner of the computational domain. The flow at the domain inlet
1s assumed to be parabolic. In all simulations, the initial state of the configuration tensor is
assumed to be

Ap =1L

The initial value Ay = I implies that the Oldroyd-B fluid is in a relaxed state.

3.1. Convergence with Mesh Refinement

The code was verified by performing a convergence study that shows that the steady state
shape of the drop is independent of the mesh resolution and also of the time step used in
the calculations. A typical unstructured mesh with a relatively finer resolution near the drop
surface used in these simulations is shown in Fig. 2. The time step was varied between
0.001 and 0.0005.

Simulations are started by placing a circular drop of diameter 1 at + = O at the center
of the computational domain, where it is subjected to a viscoelastic simple shear flow of
strength 0.4 s~!. The domain sides are W = 5 and H = 10. The fluid viscosity is 300 and
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FIG. 2. A typical finite-element mesh used for the simple shear flow problems and the deformed drop shape
are shown. The parameters are the same as in Fig. 4. The pressure elements are shown. Note that there is a higher
concentration of nodes around the center of the domain where the drop is placed. The mesh contains 8394 elements,
4305 pressure nodes, and 17,003 velocity nodes.

A = 1. The relaxation time of the fluid is 1, and the surface tension is 250. For the above
parameters, Re = 0.0003, De = 0.4, and Ca = 0.24. As we discuss later, for these parameter
values the drop attains a steady state shape.

From Table I we note that when the number of nodes is increased from 9129 to 11,567,
and further to 17,493, the steady state deformations as well as the drop areas are comparable.
The drop area for the finest mesh is ~1.5% smaller than the initial area. The mesh was re-
fined such that in all three cases the elements near the interface were four times smaller than
the elements farther away. For a mesh with 17,493 nodes the drop area and deformation are
shown in Table II for two different values of the time step. From this table we note that the
steady state results are also approximately independent of the time step. The time evolution
curves of the drop shape shown in Fig. 3 for two different values of time step and mesh res-
olution are also approximately identical. We may therefore conclude that both the transient
and the steady state solutions are independent of the mesh resolution and the time step used.
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TABLE I
Drop Deformation and Area for Three Dif-
ferent Mesh Resolutions for a Newtonian
Drop Subjected to a Simple Shear Flow

No. of nodes Deformation D Drop area
9,129 0.4758 0.7387
11,567 0.4863 0.7327
17,493 04779 0.7694

Note. The time-step size is 0.0001. Ca = 0.24,
Re =0.0003, and De = 0.4.

For the simple shear flow problems discussed in this and the next sections, we were able
to successfully simulate flows up to De =16 using a mesh with 11,576 nodes for which
the element size near the drop is ~0.09. The method converges for Re < O(1000}, includ-
ing Stokes flow (Re =0). The Reynolds number for most cases described in this paper is
much smaller than one and is approximately of the same order as for experiments described
in [24].

The qualitative nature of trA distribution shown in Figs. 4a—4c also remains approximately
the same when the mesh resolution is increased and when the time step is decreased. From
these figures we note that the maximum value of trA is near the tip of the major axis of the
deformed drop. Also note that the viscoelastic stress distribution, and consequently also the
drop deformation, is not symmetric about the drop major axis. In other words, the deformed
drop is not exactly of an elliptical shape. This result is in agreement with experiments that
show that the drops and bubbles in viscoelastic flows do not deform to symmetric shapes,
uniess the flow itself is symmetric [20]. In fact, even when the flow is symmetric the drop
shape may not be symmetric (e.g., a bubble rising in a viscoelastic liquid may develop
a two-dimensional cusp-shaped trailing edge). This implies that fully three-dimensional
simulations are needed for understanding these asymmetrical deformations of viscoelastic
drops subjected to simple shear flows.

3.2. Deformation of a Newtonian Drop in a Simple Shear Flow of a Viscoelastic Liquid

We next consider the case of a Newtonian drop subjected to a simple shear flow of a
viscoelastic liquid. The initial drop diameter is 1 and the shear rate is 0.4 s~!. The fluid
viscosity is 300 and A = 1. The Reynolds number is 0.0003.

TABLE I
Drop Deformation and Area for Two Dif-
ferent Values of Time Step for a Newtonian
Drop Subjected to a Simple Shear Flow

Time step Deformation D Drop area
0.0005 0.4749 0.7659
0.001 0.4779 0.7694

Note. The number of nodes is 17,493. Ca = 0.24,
Re = 0.0003, and De = 0.4.
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FIG. 3. Transient deformation of a Newtonian drop in a viscoelastic shear flow for Ca = 0.24, De = 0.4, and
Re =0.0003. The drop attains a stable, approximately elliptical shape. The figure shows that for varying resolution
and time steps, the final deformations as well as transient deformations are approximately the same.
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FIG. 4—Continued

to develop relatively pointed ends. Analysis of the cross sections shows that the deformed
drop is not axisymmetric. ‘

In this paper we restrict ourselves to presenting the numerical scheme. Further results
of three-dimensional simulations as well as the breakup and tip streaming, which require
much higher resolution to accurately capture breaking from the tips, will be addressed in a
future paper [26].

3.3. Deformation of a Viscoelastic Drop in a Simple Shear Flow of a Newtonian Liquid

Next, we describe the behavior of a viscoelastic drop subjected to a simple shear flow of
a Newtonian liquid. The drop diameter is 1 and the shear rate 0.4 s~!. The fluid viscosity is
300 and A = 1. The Reynolds number is 0.0016. Our focus is to investigate the role of De
and Ca on the drop deformation. In our simulations De and Ca are varied independently by
changing the relaxation time of the fluid inside the drop and the surface tension.

As is the case for a Newtonian drop, for a fixed De the deformation increases with
increasing Ca. From Fig. 6a we note that for Ca=0.6 and De = 0.4 the viscoelastic drop
is not significantly deformed (i.e., D =0.4675). From this figure we also note that the
distribution of trA is not symmetrical about the major axis and that the maximum value of
trA is near the tip of the approximate major axis. The thin boundary layers inside the drop
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where trA is relatively large are, however, not symmetrically located about the major axis
(see Figs. 6a and 7). Due to this asymmetry of viscoelastic stresses the deformed drop is
not exactly symmetric about the major axis. For Ca= 60 and De = 8.0, at r = 10 the drop
is significantly deformed, with D = 0.8152, as shown in Fig. 7. For these parameter values
the drop does not reach a steady state shape and continues to deform. The maximum value
of trA in this case is not near the tip of the major axis.

From Fig. 6b we note that the viscoelastic stresses inside the drop are extensional near
the major axis tips, as the principal direction of the configuration tensor near the tips is
approximately normal to the drop surface. From Fig. 8a we note that for a constant value of
Ca, the maximum value of trA increases with increasing De. The extensional viscoelastic
stresses pull the drop surface inward near the ends of the major axis, and therefore the drop
deformation decreases when De is increased. This trend, however, reverses for the higher
values of De, for which the drop deformation increases with increasing De (see Fig. 8b).

FIG.5. (a) A Newtonian drop subjected to a viscoelastic shear flow for De = 0.4, Ca = 0.6, Re = 0.0003 and
time step = 0.001. At+ = 10, deformation D = 0.8402. For these parameter values, the drop continues to deform
and eventually breaks up. Isovalues of trA at r = 10 are shown. Notice that trA and thus viscoelastic stresses
are higher near the tips along the major axis of the drop. (b) Deformation of a three-dimensional Newtonian
drop subjected to a viscoelastic simple shear flow in the xz-plane. The velocity field imposed on the boundary is
independent of y. The number of nodes is 136,161, De = 0.1, Ca = 0.3, and the time step = 0.0003. Att = 0.9,
deformation D = 0.1502. (c) The parameters are the same as in (b). At ¢ = 2.1, deformation D = 0.5624.



VISCOELASTIC TWO-PHASE FLOW SOLUTIONS 569

FIG. 5—Continued
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FIG. 6. (a) A magnified view of isovalues of trA is shown for a steady state viscoelastic drop in a simple
shear flow of a Newtonian fluid. Notice that trA is relatively large near the tips along the major axis of the drop
and that the distribution of trA is not symmetric about the approximate major axis. The stress boundary layer, the
thin region where trA is relatively large, is not symmetrically located about the major axis. The time step used is
0.001. For Ca = 0.6, De = 0.4, and Re = 0.0003, steady state deformation D = 0.4675. (b) A magnified view of
the distribution of the principal direction of A is shown for the case described in (a). Notice that near the major
axis tips the principal direction of the configuration tensor is approximately normal to the drop surface.

This behavior of viscoelastic liquids is not unexpected. For example, the drag coefficient
for a cylinder placed in an Oldroyd-B fluid decreases with De for De < ~O(1). But, for the
higher values of De the drag coefficient increases with increasing De. This is a consequence
of the memory, and resulting nonlinearly, of the Oldroyd-B fluid. It was suggested in [9]
that this reversal of trend at higher De is due to the modification of the velocity field from
that for a Newtonian liquid. Specifically, at higher De, the shear rate in the region where
the polymer stretch is relatively large is smaller than that for a Newtonian fluid in the same
flow geometry.

Also notice that in Fig. 7 the elongated drop is not small compared to the domain size,
and thus the obtained results are not independent of the computational domain size. But
since in this paper our main goal is to present the numerical method, we simply note that a
larger sized domain should be used to make these results independent of the domain size.

3.4. Newtonian Drops in Pressure-Driven Viscoelastic Flows

Next, we describe the results for the case where a Newtonian drop is placed in a pressure-
driven flow of a viscoelastic liquid. This problem is of interest in many material processing
applications where polymer blends are subjected to pressure-driven flows. The flow causes



VISCOELASTIC TWO-PHASE FLOW SOLUTIONS 571

9.47

. 4.99 -

11 1424 44

1 J;_J,q -:

2

I ¥ 1 T T
3 4 1 2

FIG.7. A viscoelastic dropinasimple shear flow of aNewtonian fluid for Ca = 60, De = 8.0, and Re = 0.0003.
The time step is 0.001. The results are shown at ¢ = 10. Deformation D = 0.8152. The drop breaks up in this case.
A magnified view of isovalues of trA is shown. Notice that the maximum value of trA is not near the tips.

the droplets in an immiscible polymer blend to stretch and break up, which leads to mixing.
Our goal here is to study the drop deformation as it moves through the domain.

The domain is rectangular with sides measuring 7 and 4. The flow at the bottom of
the domain is assumed to be parabolic, with a centerline velocity of 1. A drop with an
initial diameter of 1 is placed at x = —3 and y = —6. The fluid viscosity is 200, A = 1.
The dimensionless parameters based on the centerline velocity are De =5, Ca = 2000, and
Re =0.005.

Our simulation shows that the drop stretches and orients, as shown in Fig. 9a. The
interesting feature of deformation is that the front of the drop is relatively round but the
trailing edge becomes sharper and assumes a cusp-like shape at high De, as shown in Fig. 9a.
In a simple shear flow the principal direction of stretch is at 45° to the flow direction, and
so the drop is stretched along this direction. From this figure we note that the front of the
drop is closer to the channel centerlines and hence its velocity is larger than that of the
trailing edge, which is closer to the channel wall. Therefore, the drop, as it moves upward in
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FIG.8. (a) The maximum value of trA for a viscoelastic drop subjected to a Newtonian shear flow is shown as
a function of De, for two different values of Ca. The Reynolds number is 0.0003. Notice that the maximum value
of trA is larger for Ca = 0.34, as the drop deformation for this case is smaller. (b) Deformation as a function of De
for a viscoelastic drop in Newtonian shear flow. The Reynolds number is 0.0003 and Ca = 0.6. Viscoelastic drops
are less deformed compared to Newtonian drops (De = 0). For De < 1 the deformation decreases with increase in
De, but this trend reverses for higher values of De.

the pressure-driven flow, also rotates in the counterclockwise direction and bends such that
the center of curvature of the lower surface moves to the outside [25]. This bending of the
drop gives the impression that it is rotating in the clockwise direction even though, as noted
above, the rotation is in the counterclockwise direction. Another interesting feature of the
drop deformation at # = 3.9 is that the center of curvature of the lower surface is outside the
drop. From Fig. 9b we also note that trA is relatively large near the cusp-shaped trailing
edge, and we may therefore conclude that the viscoelastic stresses cause the formation of a
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FIG.9. A Newtonian drop in a viscoelastic pressure-driven flow. The density ratiois |, A = [,De =5, Ca =
2000, Re = 0.005, and the time step = 0.001. (a) The time-dependent shapes at t = 0, 1.5 and 3.9 are shown. Notice
that at + = 3.9, the front of the drop is relatively round and the trailing edge is sharp. (b) At r = 3.9 isovalues of
trA are shown. Notice that trA is relatively large near the cusp-shaped trailing edge.

velocity,

Vi = I s<0V dA ,

Aq
where ¢ < 0 defines the area occupied by the drop, Aq = |, $<0 d A is the drop area, and v
is the y-component of velocity inside the drop.

As expected, when an initially circular bubble is released in a liquid of larger density
it starts to accelerate upward because of the buoyancy force. The mass-averaged bubble
velocity first increases rapidly with time and then changes slowly with time, but it does
not reach a constant value, as the bubble shape continues to change with time. The bubble
velocity in the latter time interval can be considered approximately constant. For calculating
Re and De we have used the approximately constant value of V.

InFig. 10 the time evolution of the shape of a bubble rising in a Newtonian liquid is shown.
The viscosity ratio is 1 and the density ratio is 5. The Reynolds number is 0.1136 and Ca
is 2.272. From Fig. 10 we note that at = 0.25 the bubble trailing edge begins to move
inward and the local center of curvature moves to the outside of the bubble. At¢ = 0.45 the
bubble deforms to an umbrella-like shape. The bubble shape remains symmetrical about the
vertical, passing through the center for all times. We note that for the smaller values of Ca,
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FIG. 10. The shape of a Newtonian bubble rising in a Newtonian fluid is shown at ¢ = 0, 0.25 and 0.45. The
time step is 0.0005. The density ratio is 5 and A is 1. The area-averaged velocity at ¢ = 0.25 is 11.36. Based on
this velocity Re = 0.1136 and Ca = 2.272.
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FIG. 11. The vertical dimension of 2 Newtonian bubble rising in an Oldroyd-B fiuid is shown as a function of
time. The density ratio = 5, A = 1, Ca = 21.6, De = 1.62, and Re = 0.01. For varying resolution and time steps,
the transient deformations are approximately the same.
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FIG. 12. Isovalues of trA are shown for a buoyancy-driven Newtonian drop rising in the Oldroyd-B fluid for
the density ratio of 5, A = 1, and time step of 0.0001. (a) At r = 1.5 the area averaged velocity is 1.08, and based
on this velocity, Re = 0.01, Ca = 21.6, and De = 1.62. (b) At ¢ = 3.5, the area-averaged velocity is 0.84, and
based on this velocity, Re = 0.0084, De = 1.261, and Ca = 16.81. Note that the viscoelastic stresses are relatively
large near the interface and cause the formation of a characteristic cusp-like trailing edge. (c) Isovalues of trA
are shown for a Newtonian drop rising in the Oldroyd-B fluid for a density ratio of 10, A = 10, and time step =
0.0001. Notice that the relatively large values of viscoelastic stresses near the interface cause the formation of the
characteristic cusp-like trailing edge. At ¢ = 1.4, the area-averaged velocity is 2.15, and based on this velocity,
Re = 0.0215, Ca = 4.3, and De = 3.225.

the bubble rising in a Newtonian liquid remains approximately circular and symmetrical
about the vertical.

The time evolutions of the shapes of rising bubbles in the Oldroyd-B liquid are shown in
Fig. 11 for two different values of resolution and time step. For this bubble, p = 1, density
ratio=35, np = 200, A = 1, Re =0.01, De = 1.62, and Ca =21.6. From this figure we note
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that the vertical length of the bubble first decreases and then increases with time. From
Fig. 11, we may conclude that the transient behavior remains approximately unchanged
when the mesh resolutions and time steps are changed.

For a bubble rising in an Oldroyd-B liquid, as expected, both velocity and the magnitude
of viscoelastic stresses increase with time. From Figs. 12a—12¢ we note that trA is relatively
large near the interface and that the local maximums of trA are near the top and bottom
surfaces. Due to these viscoelastic stresses, the shape of a bubble rising in a viscoelastic
liquid is quite different from that in a Newtonian liquid. Specifically, from Figs. 12a and
12b, we note that the bubble trailing edge is pulled out, and the vertical bubble length
increases with time. In a Newtonian liquid, on the other hand, as noted above, the vertical
length decreases with time. At ¢ = 3.5 the trailing edge takes a cusp-like shape, as shown
in Fig. 12b. In our simulations the relatively small curvature at the trailing edge leads to the
local breakup of the bubble, and this results in a loss of the fluid. The front of the bubble
remains relatively round. Another interesting feature of deformation for the two viscoelastic
cases is that for Ca=4.3, the drop shape is prolate (see Fig. 12b). but for Ca=21.6 it is
oblate (see Fig. 12¢).

4. CONCLUSION

The level-set method developed in this paper can be used to efficiently compute the motion
of viscoelastic two-phase flows. The method is implemented using the Marchuk-Yanenko
operator-splitting technique that allowed us to decouple the difficulties associated with
the incompressibility constraint, the nonlinear convection and viscoelastic terms, and the
interface problem. The linear systems for resulting subproblems are solved using schemes
that do not require assembly of the global matrix. The constitutive equation is solved using a
scheme that uses a third-order upwind discretization for the advection term and guarantees
the positive definiteness of the configuration tensor. To validate our numerical method, we
have studied the deformation of drops in simple shear flows, and the deformation and motion
of rising bubbles, over a wide range of dimensionless capillary and Deborah numbers. We
have verified that the results are independent of the mesh resolution as well as the size of
the time step.

QOur simulations for A = 1 show that when a Newtonian drop is subjected to a viscoelastic
simple shear flow, there is a critical value of Ca above which there are no steady solutions.
Similarly, for a viscoelastic drop subjected to a simple shear flow of a Newtonian liquid for
a given De, there is a maximum value of Ca for which the drop attains a steady state shape.
[tis interesting to note that for the viscoelastic drop in a shear flow of Newtonian fluid, when
De < ~O(1) the drop deformation is smaller than that for a Newtonian drop at the same
Ca value because the viscoelastic stresses inside the drop tend to reduce deformation. The
opposite is true for a Newtonian drop placed in a viscoelastic shear flow, as the viscoelastic
stresses of the bulk fluid tend to increase drop deformation. In fact, in this case the radius
of curvature near the tips is significantly smaller, which leads to tip streaming. A Newto-
nian drop placed in a pressure-driven viscoelastic flow deforms such that its front remains
relatively round but the trailing edge assumes a cusp-like shape.

Simulations show that a Newtonian bubble rising in a Newtonian liquid assumes
an umbrella-like shape. A Newtonian bubble rising in a viscoelastic liquid, on the other
hand, assumes an elongated shape and for some parameter values the trailing edge as-
sumes a cusp-like shape. These results are in agreement with the experimental observations
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reported in [20], where the authors observed the formation of a two-dimensional cusp-
like trailing edge. Our analysis shows that viscoelastic stresses near the trailing edge of
the bubble are relatively large, and when these stresses are sufficiently large to overcome
the surface-tension force, the trailing edge is pulled out, which leads to the formation of a
cusp-shaped trailing edge.
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